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Abstract

Given a measure equivalence coupling between two finitely generated groups,
Delabie, Koivisto, Le Maitre and Tessera have found explicit upper bounds on
how integrable the associated cocycles can be. We extend these results to the
broader framework of unimodular compactly generated locally compact groups.
We also generalize a result by the first-named author, showing that the integra-
bility threshold described in these statements cannot be achieved.
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1 Introduction

Gromov introduced measure equivalence for countable groups as a measurable analogue
of quasi-isometry.

Definition 1.1. Two countable groups I and A are measure equivalent if there exists a
standard measured space (€2, 1) equipped with commuting measure-preserving I'- and
A-actions such that



1. both actions are free;
2. the I'- and A-actions admit Borel fundamental domains X1 and X, respectively;
3. Xr and X, have finite measure.

The quadruple (Q, Xr, Xa, ) is called a measure equivalence coupling between I" and A.
It is straightforward to prove that pu(Xr) and p(X,) are positive, and the restrictions
of 1 to the fundamental domains Xt and X, are respectively denoted by v and vy.

The most natural example to keep in mind is that of lattices in the same locally
compact group. Another instance of measure equivalence comes from ergodic theory.

Definition 1.2 (Dye |[Dyeb9|). Two countable groups I'" and A are orbit equivalent if
there exist free probability measure-preserving I'- and A-actions on a standard proba-
bility space (X, 1) such that for almost every z € X, 'z = A - z.

Two groups are orbit equivalent if and only if they are measure equivalent with
common fundamental domains (see [Furll| for a proof).

This paper deals with measure equivalence in the setting of locally compact groups,
a precise definition in this context will be given in Section[2.2] Measure and orbit equiv-
alences have already been studied for such groups, see e.g. [BFS13; |CLM17; [KKR21b;
KKR21a; [Pau24; DLIT25|, and it is worth mentioning that measure equivalence and
orbit equivalence are the same notions among non-discrete, locally compact, second
countable groups |[KKR21a, Theorem A|. Before stating our main results, we briefly
review the discrete case

Many results have been obtained for countable non-amenable groups, most of which
describe rigidity phenomena. We refer the reader to the works of

e Furman on lattices in higher rank semi-simple Lie groups [Fur99];

Kida on mapping class groups |[Kid08; Kid10|;

Guirardel and Horbez on Out(Fy) |GH21|;

Horbez and Huang on right-angled Artin groups [HH22; HH24|;

Escalier and Horbez on graph products [EH24].

However, Ornstein and Weiss proved that any two free probability measure-preserving
actions of infinite amenable groups are orbit equivalent [OW80]. In particular, measure
equivalence is trivial for such groups. In the non-discrete setting, Koivisto, Kyed and
Raum proved that the class of amenable, locally compact, second countable consists in
three measure equivalence classes: compact groups, non-compact unimodular amenable
groups and non-unimodular amenable groups [KKR21a, Theorem B|. To counter this
flexibility phenomenon, we impose restrictions on the functions arising from measure
equivalence couplings, namely the cocycles.



Definition 1.3. Let (2, Xr, X, ) be a measure equivalence coupling between discrete
groups I and A. For every v € I' and X\ € A, and for almost every xr € Xr and xj € Xy,
there exist unique a(7y,z,) € A and 5(A, zr) € ' such that

a(y,zp) * v *xp € Xy and B(A, ar) * A= 2 € X,

where uniqueness follows from the fact that Xr and X, are fundamental domains for
the I'- and the A-actions respectively. The measurable maps a: I' x X, — A and
B: A x Xpr — I are the cocycles associated to this coupling.

We now assume that I' and A are finitely generated groups, with finite generating
subsets Sr and Sy, and we denote by |.|s. and |.|s, the associated word metric.

Given p,q € [0, 4], an (LP,L%) measure equivalence coupling from T' to A is a
measure equivalence coupling such that for every v € I', the map |a(y,.)|s,: Xo — N
is LP, and for every A € A, the map |8(),.)|s.: Xr — N is L4, In particular, L° means
that there is no requirement on the corresponding cocycle. We can more generally
define the notion of (p,)-integrability for any maps ¢, 9¥: R, — R,. We will give
the definition in Section [2.2] where we define measure equivalence in the more general
setting of unimodular locally compact second countable (lcsc) groups. For instance, L?
is exactly ¢-integrability when o(t) = t*.

In [Sha04], Shalom was the first to study quantitative measure equivalence, more
precisely the case of L measure equivalence, for amenable groups. His goal was to
prove the quasi-isometry invariance of Betti numbers for nilpotent groups. We say that
a measure equivalence coupling (2, Xr, Xy, pt) is mutually cobounded if there exist finite
subsets Fiy < A and Fr < I such that Xt < F - X\ and X, < Fr - Xr.

Theorem 1.4 (|Sha04]). Two countable amenable groups are quasi-isometric if and
only if there exists an L® mutually cobounded measure equivalence coupling between
them.

Historically, the notion of LP measure equivalence, for p > 1, was introduced
in [BFS13|, and more generally (¢, ¥)-integrable measure equivalence was first defined
in [DKLMT22]| to study the weaker notion of L? orbit equivalence for p < 1. For weaker
assumptions than L™, which geometric properties of amenable groups can be captured?
In |[Aus16], Austin first proved that integrably measure equivalent groups of polynomial
growth have bi-Lipschitz equivalent asymptotic cones.

Behaviour of volume growth. Many finer rigidity results have been obtained, in-
volving the volume growth. Given a finitely generated group I', with a finite generating
subset Sp, the volume growth with respect to Sr is the map Vs.: N — N defined by

VSF(”) = ’{76 r ’ ‘7’51“ < n}|

It is straightforward to show that two different finite generating sets yield asymptotically
equivalent growth functions, and the common asymptotic behaviour is denoted by Vr.



For instance, Vze(n) ~ n?. More generally, a celebrated result of Gromov |Gro81]

states that virtually nilpotent groups are exactly the groups with polynomial growth.
Given non-trivial groups F' and I', we define the wreath product F': T as

il = ((—PF) x T

where the action of I' on the direct sum is induced by the action of I' on itself by left
translation. It is well known that if F' and I' are finitely generated, then so is F2 I". If
moreover F'is not trivial and I' is infinite, then Vi (n) ~ e”.

The notion of volume growth also exists in the case of compactly generated locally
compact groups, see Section

In the appendix of [Ausl6|, Bowen proved an obstruction for integrable measure
equivalence, using the notion of volume growth of finitely generated groups.

Theorem 1.5 (JAusl6, Theorem B.2]). Let I' and A be finitely generated groups. If T’
and A are L' measure equivalent, then Vi(n) ~ Vi(n).

For instance, ZF and Z? are integrably measure equivalent if and only if k = d.
The results of Austin and Bowen show that integrable measure equivalent preserves
significant coarse geometric invariants. It is therefore natural to wonder whether these
rigidity results still hold for more general quantifications. In the wider setup of (¢, ¥)-
integrability, Delabie, Koivisto, Le Maitre and Tessera refined Bowen’s result as follows.

Theorem 1.6 ([DKLMT22, Theorem 3.1]). Let I' and A be finitely generated groups.
Let o: R, — R, be an increasing and subadditive map. If there is a (¢, L°)-integrable
measure equivalence coupling from I' to A, then

Vr(n) < Valp™' ().

For instance, given positive integers k and ¢, there is no (L?, L?) measure equivalence
coupling from Z*** and ZF if p > ki%
Delabie, Llosa Isenrich and Tessera have recently brought a first extension to locally

compact groups when () = tP.

Theorem 1.7 (|[DLIT25, Theorem A.5|). Let G and H be non-discrete unimodular
locally compact compactly generated groups and let p €]0,1]. If there exists an (LP,L°)-
integrable measure equivalence coupling from G to H, then

Va(n) < VH(nl/p).

We extend this result to (¢, L%)-measure equivalence, where ¢: R, — R, is any
increasing and subadditive map, for instance p(t) = log (1 + t).

Theorem A (see Theorem [1.1)). Let G and H be non-discrete unimodular locally com-
pact compactly generated groups and p: R, — R, be an increasing and subadditive
map. If there exists a (p,L0)-integrable measure equivalence coupling from G to H,
then

Va(n) < Va(p™'(n)).
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Remark 1.8. We focus on unimodular groups because -integrability is undefined in
the non-unimodular setting. Indeed, a definition of measure equivalence exists in the
non-unimodular case (see e.g. [KKR21b| Definition 3.2]), but asks for the more general
notion of non-singular actions. Another obstruction for an extension to non-unimodular
groups will be the fact that isoperimetric profile, that we now deal with, does not contain
any interesting information in the case of non-unimodular locally compact groups (we
refer the reader to |Tes13, comments before Section 5.2]).

Behaviour of isoperimetric profiles. A limitation of the previous rigidity results
is that volume growth cannot distinguish between groups that get bigger and bigger.
For instance, in the case of discrete groups, the following iterations of lamplighters

7.)27.2 (2221 .. .(Z)22. 7).

all have exponential growth, but it is natural to expect that such groups are integrably
measure equivalent only if they have the same number of iterations. The isoperimetric
profiles enable us to distinguish them.

For a finitely generated group I' with a finite generating set St, and given p > 1, its
P-isoperimetric profile is the function j,r: N — R, given by

. 1f 1

Jpr(n) = sup

. r:r=ry [Voflp
[supp f|<n

where the support of f: I' — R, is suppf = {y e I': f(v) # 0} and the fP-norm of
its gradient is defined by

IVeflp=">, [f) =)

vel', seSt

In the case p = 1, this function is simply called isoperimetric profile, and has a simpler
definition (up to asymptotic equivalence), namely

jur(n) ~ sup AL
1A)<n |Or A

where 0pA = ASP\A = {y e "\A: 3s € Sp,Ja € A,y = as} is the boundary of Ain T
It is well known that j; p is the generalized inverse of the Fglner function

A
Folp (k) = inf {|A|: %“ < l/k‘}
first mentioned by Vershik [Ver73|. Finally a well-known inequality due to Coulhon and
Saloff-Coste |CS93| relates jy r and Vi

Jir(n) < Vit(n),

where V! denotes the generalized inverse of the volume growth function. Here are
examples of isoperimetric profiles for some groups:



e j,r(n)~ ni if I has polynomial growth of degree d > 1;

e j,r(n) ~ In(n) for the Baumslag-Solitar group I' = BS(1, k) for k > 2, or I =
F 7, where F is a non-trivial finite group;

e j,r(n) ~ In(n) for any polycyclic group I with exponential growth [Pit95; Pit00];

o jirr(n) ~ (ln(n))é with F' finite, and I" having polynomial growth of degree
d > 1 [Ers03|;

e Brieussel and Zheng |[BZ21, Theorem 1.1] give a large description of asymptotic
behaviours for isoperimetric profiles. For any non-decreasing function f: R, —
R, such that ¢t — ﬁ is non-decreasing, there exists a finitely generated group I'

In(n)
fQn(n))
Notice that the ¢P-isoperimetric profile of a finitely generated group is bounded if
and only if the group is non-amenable. Moreover its asymptotic behaviour is, somehow,

a measurement of its amenability; the faster it goes to infinity, the "more amenable" the

group is. The following result clearly demonstrates that quantitative measure equiva-

lence accurately captures the geometry of amenable groups.

with exponential volume growth having isoperimetric profile j,p(n) ~

Theorem 1.9 (|[DKLMT22, Theorem 1.1]). Let ¢: Ry — Ry be a non-decreasing
function. Let T and A be finitely generated groups. Assume that there exists a (p,1°)-
integrable measure equivalence coupling from I' to A. Then

o if p(t) =t withp =1, then joa(n) < jpr(n);

o ift— ﬁ is non-decreasing, then ¢ o j1 A(n) < jir(n).

In Section [2.3] we will introduce isoperimetric profiles in the setting of compactly
generated locally compact unimodular groups.

Simplifying the proofs in [DKLMT22| for a more natural adaptation to the locally
compact setting, we get the two following extensions of Theorem to locally compact
groups.

Theorem B (see Theorem [5.1). Let G and H be non-discrete unimodular locally com-
pact compactly generated groups and p > 1. If there exists an (LP,L°) measure equiva-
lence coupling from G to H, then

Jp1i (1) < Jpc ().

Theorem C (see Theorem [5.2). Let G and H be non-discrete unimodular locally com-
pact compactly generated groups and ¢: R, — R, be a non-decreasing map such that
t — t/p(t) is non-decreasing. If there exists a (p, LY)-integrable measure equivalence
coupling from G to H, then

vojiun) < jign).



Remark 1.10. Delabie, Koivisto, Le Maitre and Tessera [DKLMT?22| also proved rigid-
ity results for asymmetric notions of measure equivalence (measure subgroup, measure
quotient, measure sub-quotient).

First, they find obstructions for quantitative versions, similar to Theorems
and [I.9] In the case of measure subgroups, these have been generalized to locally
compact groups by the second-named author [Pau24|. In [DKLMT22|, the authors
need an assumption on the fundamental domains, "at most-m-to-one coupling", which
becomes "coarsely m-to-one coupling" in [Pau24|. For instance, in the case of measure
equivalence, these assumptions are implied by coboundedness. Thus we already knew
from [Pau24| that Theorems [B|and [C|hold in the particular case of cobounded measure
equivalence.

Secondly, in the same vein as Shalom’s Theorem the following is proven
in [DKLMT22|: the existence of an at most m-to-one L* measure subgroup from I'
to A is equivalent to the existence of a regular embedding I' — A. As a consequence
of the quantitative results of [DKLMT22|, the isoperimetric profiles are monotonous
under regular embeddings. Once again, these results have been generalized to locally
compact groups in [Pau24].

Main ingredients for the proof of Theorems [A, B| and [C] In [DKLMT22|,
the authors crucially use the fact that any bijection between countable groups, or at
least subsets of countable groups, is measure preserving. Indeed, the Haar measures are
simply the counting measures in this context. These bijections are precisely the ones
provided by the cocycles. This is the main issue when extending their main results for
non-discrete locally compact groups since cocycles have no reason to provide measure-
preserving maps between the groups.

In [DLIT25, Proposition A.1], the following is proven using cross-sections. Given
a measure equivalence coupling between unimodular non-discrete locally groups, it is
always possible to slightly modify the fundamental domains so that the cocycles satisfy
the desired assumptions, namely providing Haar measure-preserving bijections between
certain random measurable subsets of the groups.

Another hypothesis which will be useful for our proofs is ergodicity. To this end, we
will use ideas from [KKR21al Proposition 2.17 (ii)].

Further details are provided in Section [3]

Integrability threshold. Given positive integers k,¢ > 1 and polynomial growth
groups I' and A of degrees k + ¢ and k respectively, the obstructions provided
in [DKLMT22| imply the following: there is no (L?,L°%) integrable measure equiva-
lence coupling from I' to A for any p > kiM The existence of an (L?,L°) integrable
measure equivalence coupling for any p < ki-&-é have recently been proved in [DLIT25,
Theorem 1.6]. For I' = Z¥** and A = ZF, the result was already known [DKLMT22,
Theorem 1.9].

Now the question is the existence of such a coupling for the threshold p = kiw For

more general groups, not necessarily of polynomial growth, we would like to know if

the bounds of integrability given by Theorems [1.6] and [I.9) can be reached. The first-



named author has recently answered this question |[Cor25, Theorems A, B and D] in
the discrete setting and the following statements provide extensions to locally compact
groups.

Theorem D (see Theorem . Let G and H be locally compact compactly generated
groups. Assume that there exist a non-decreasing function fo and an increasing function
fu satisfying fa(n) ~ j1.c(n), fu(n) ~ j1.u(n) and the following assumptions as t —
+00:

fa(t) =o(fu()), (1)
VC >0, fa(Ct) =0 (fa(t)), (2)
VC >0, fao fr'(Ct) =0 (fao fy'(t)). (3)

Then there is no (fa o f5', L°)-integrable measure equivalence coupling from G to H.

Theorem E (see Theorem . Let G and H be locally compact compactly generated
groups. Assume that there exist two increasing functions fg and fy satisfying fa(n) ~
Va(n), fu(n) ~ Vy(n) and the following assumptions as t — +oo:

fa'@t) =o(fy'(1), (4)
VC >0, fg'(Ct) = O (f5'(1)), (5)
VO >0, fo'o fu(Ct) =0 (f5" o fult)). (6)

Then there is no (f(;1 o fu, L% -integrable measure equivalence coupling from G to H.

Outline of the paper. After recalling some preliminaries in Section [2, we present in
Section [3] a preparatory lemma for the main statements of the paper. The theorem on
volume growth is proven in Section [4] the ones on isoperimetric profiles in Section
and Section [0] deals with the integrability thresholds.

Acknowledgements. We are very grateful to Romain Tessera for his valuable advice.
We also thank Frangois Le Maitre for his insightful questions regarding the content of
the paper, and Vincent Dumoncel for his careful reading.

2 Preliminaries

2.1 Conventions and notations

In this paper, groups GG and H are always assumed to be compactly generated locally
compact, namely there exists a compact subset Sg of G such that G = | ., S¢, and
similarly for H. Given a compactly generated locally compact group G, we can define
the word length by

9l = min{n >0 g e S5}

for every g € G, which gives rise to the left-invariant word metric (g,¢’) — |g97'¢|c-
Given g € G and n = 0, Bg(g,n) will refer to the closed ball centered at g and of
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radius n. Denoting by Ag the Haar measure of GG, the volume growth of G is the map
Vo N — N defined by

Va(n) = A¢ (Ba(lg,n)) = Ac ({9 € G | |gla < n})

for every integer n > 0.

Given non-decreasing maps ¢, : R, — R, , we say that ¢ dominates ¢, denoted
©(t) < 1(t), if there exists a constant C' > 0 such that ¢(t) < Cy(Ct) for sufficiently
large real numbers x. The maps ¢ and 1 are said to be asymptotically equivalent,
denoted p(t) ~ ¥(t), if ¢(t) < ¥(t) and ¥(t) < ¢(t), and the asymptotic behaviour
refers to the class modulo ~. We also use the following stronger notions of domination:

e ¢(t) = O(1(t)) means that there exists a constant C' > 0 such that p(t) < C(¢)
for sufficiently large real numbers ¢;

e ©(t) = o(1(t)) means that for every ¢ > 0, there exists . > 0 such that p(t) <
e(t) for every t > t..

It is well known that two compact generating sets Sg and Sg; of a compactly gen-
erated locally compact group G provide word metrics which are bilipschitz equiva-
lent [CDLH16, Proposition 4.B.4.(3)]. As a consequence, the volume growths associ-
ated to Sg and S(; are asymptotically equivalent (the same holds for the notions of
isoperimetric profile introduced below). Thus the reason why we forget the dependency
on Sg in the notations |.|¢ and Vg is that we only care about the asymptotics of such
quantities.

2.2 Quantitative measure equivalence of locally compact groups

The definition of measure equivalence in the locally compact setting is the following.

Definition 2.1. Let G and H be unimodular lcsc groups, with Haar measures A and
Ay respectively. We say that G and H are measure equivalent if there exist a measure
space (€2, 1) and finite measure spaces (Xg, vg) and (Xpg, vy), together with measured
isomorphisms

ek (G X XGa)‘G®I/G> - (Qmu)a
iH: (H x XHv)\H®VH> - (QMLL)u
such that the G- and H-actions defined by

g+ic(d,zq) =ic(gy, va),
h = iH(h/, QTH) = ZH(hh/, JJH)
commute.

Without loss of generality, we will consider X and X as subsets of (2, so that they
are fundamental domains of the G- and H-actions on (€2, 1) (which are essentially free
and preserve the measure), and i¢ and iy will be the maps defined by i¢(g, z¢) = g*z¢g
and ig(h,xy) = h*xg.

The quadruple (2, X, Xy, 1) is called a measure equivalence coupling between G
and H. It induces actions on the fundamental domains, giving rise to cocycles.
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Definition 2.2. A measure equivalence coupling (€2, X4, Xy, ) between unimodular
lesc groups G and H induces a finite measure-preserving G-action on (Xg,vy) in the
following way: for every g € G and every xy € Xy, g-xy € Xp is defined by the
identity

(Hxgxay)n Xy ={g-zu},

it is unique since Xpg is a fundamental domain for the H-action on 2.
This also yields a cocycle a: G x Xy — H uniquely defined by

04(97351{)*9*33}1 =4 TH,

or equivalently a(g, xg) = g =ty € Xy, for almost every xy € Xy and every g € G. We
similarly define a finite measure-preserving H-action on (X¢g,vq) and the associated
cocycle B: H x Xg — G.

Remark 2.3. The cocycle a: G x Xy — H satisfies the cocycle identity

Vgi,92. € G, Yoy € Xy, 0‘(919273;H) = 04(91,92 : xH)Oé<92737H)7
as well as f: H x Xg — G.

We now introduce the quantitative versions of measure equivalence. We first define
the restrictions that we add on the cocycles.

Definition 2.4. Let G and H be two unimodular locally compact compactly generated
groups. Let G —~ (X, v) be a measure-preserving action on a finite measure space and
let ¢: G x X — H be an H-valued cocycle (i.e. a H-valued map satisfying the cocycle
identity). Given a non-decreasing map ¢: R, — R, such that ¢(Ct) = O((t)) for
every constant C' > 0, we say that the cocycle c¢: G x X — H is p-integrable if

sup L (g, 2)|m)dv(x) < +oo

Examples of non-decreasing maps ¢: R, — R, satisfying o(Ct) = O(¢(t)) for every
constant C' > 0 are:

e non-decreasing subadditive maps, for instance p(t) = t? with p €]0, 1];

e non-decreasing maps ¢ such that t — t/p(t) is non-decreasing, for instance p(t) =
log (1 4+ t). Indeed, if C' < 1, then we immediately get ¢(Ct) < ¢(t), and if C' > 1,
then we have C'/p(Ct) = t/p(t), namely ¢(Ct) < Cp(t).

Note that this definition does not depend on the choice of the compact generating set
for H, by assumption on ¢, whereas it seems to depend on the compact generating set
Sq for GG. Two remarks are in order.

e First, it is possible to replace S¢ by S;'. This is a consequence of the formula
c(g,) = c(g7t, g - x)~! (provided by the cocycle identity) and the invariance of
the measure.
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e Secondly, if ¢ is subadditive, being p-integrable is the same as saying that
5 ¢(lc(g, )| g)dv(x) is finite for all g in G without any uniform condition on
the bound, by the same argument as in [BFS13, Appendix A.2| (see also the
proof of Proposition which yields the main ingredients). For instance, this is
the case for ¢(t) = t? with 0 < p < 1. In particular, this implies that the notion
of p-integrability does not depend on S¢ for such maps ¢.

Let us now define the quantitative versions of measure equivalence.

Definition 2.5. Let G and H be two unimodular locally compact compactly generated
groups. Let ¢,1: R, — R, be non-decreasing maps satisfying ¢(Ct) = O(¢(t)) and
Y(Ct) = O(y(t)) for every constant C' > 0. We say that (2, X¢, Xg, 1) is a (p,9)-
integrable measure equivalence coupling from G to H if it is a measure equivalence
coupling between G and H such that the associated cocycles ao: G x Xy — H and
B: H x Xg — G satisfy the following: « is ¢-integrable and [ is v-integrable.

For p > 0, we write L? instead of ¢ or v if we consider the map t — tP, and we
write L? when no requirement is made on the corresponding cocycle. Finally, a measure
equivalence coupling is @-integrable if it is (p, ¢)-integrable.

2.3 Isoperimetric profile of locally compact groups

The goal of this subsection is to collect the relevant properties of the isoperimetric
profile for locally compact groups. To this end, the crucial point is the definition of
the LP-norm of the gradient. Recall that for a countable group I' admitting a finite
generating set Sr, it is defined as

IVEfIE = D0 D () = fsT)P = D0 1F = M) fI

seSt vyel’ seSt

for every f: ' — R of finite support, where A\: I' —~ LP(I") is the left-regular represen-
tation. Given G a locally compact group with compact generating subset S, and with
fixed Haar measure \g, the most natural generalization is

vaﬂi—fsf—Mﬂﬂ$Md@

for f € LP(G) with support of finite measure. We have another possible definition of
the LP-norm of the gradient, given by

IVEP fllp = sup [f = A(s) fp-

SESG

This second definition appears in our calculations when bounding above some quantities
(see the proof of Lemma , so we want it to be equivalent to the first one for the
underlying isoperimetric profiles to be asymptotically equivalent. Note that we easily
get [V Iz < A(Se)|VE F 2

The comparison between these notions has already been done in [Tes08, Proposi-
tions 7.1 and 7.2]. Here we provide another proof.
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Proposition 2.6. There exists a constant C' > 0 such that
HVS“prp V&' flp < CIVE® flp

for every f € LP(Q).

Proof. Let us consider Z'(G, ), the set of cocycles for the left-regular representation
on LP(G), namely the set of maps b: G — LP(G) satisfying the 1-cocycle relation

b(gh) = b(g) + A(g)b(h)

for every g,h € G. By [LNP25, Proposition 1.13], the followings are equivalent norms
on Z1(G,\):
[b]sup = sup [[b(s)]lp,

SEG

= ([ LCT dA<s>)‘17 |

The result then follows from the fact that, for every f € LP(G), we have |[VECf|, = ||b]lint
and V&P fl, = [bsup with b: G — LP(G) given by b(g) = f — A(g)f. Note that b lies
in Z1(G, \) since it is a coboundary. ]

From this, we deduce that the underlying isoperimetric profiles are asymptotically
equivalent. Let us fix the notations in the following.

Definition 2.7. Let GG be a compactly generated locally compact group, with a com-
pact generating set Sg. Let p = 1. Then we define the following two notions of
LP-isoperimetric profiles:

-Sup ”fHP
Jpe(v) = sup =g
P rer@),  IVG©fll
g (supp(f))<v
-int Hf”p
Jpe(v) = sup o
" ree@),  IVE fll
Aa (supp(f))<v

Since these two maps are asymptotically equivalent, we will denote by j, ¢ their asymp-
totic behaviour.

Two compact generating sets give rise to asymptotically equivalent isoperimetric
profiles. Finally, note that if G is unimodular, this is also the same as defining the
isoperimetric profile with respect to the right-regular representation.
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3 A preparatory lemma

Given a measure equivalence coupling (2, X¢, Xp, i) between locally compact groups
G and H, and given the induced actions G —~ (Xpy,vy) and H —~ (Xg,ve) of the
groups on the fundamental domains, we set

Ri(z)={geCGlg-zeY}

for every Y « Xy and every x € Xp, and similarly R¥(x) for every Y < Xg and
S Xg.

The goal of this section is to prove the following key lemma which will be useful for
our main theorems.

Lemma 3.1. Let p,v: R, — R, be non-decreasing maps and let G and H be uni-
modular non-discrete locally compact groups. If there exists a (¢, 1)-integrable measure
equivalence coupling from G to H, then there exists a measure equivalence coupling
(Q, X¢, Xy, p) satisfying the followings:

(P1) there exists a constant C > 0 such that vglx..x, = C Vulx, x, ond va(Xa N
XH) =C- VH(XG N XH) > 0,’

(P2) the associated cocycles a: G x Xy — H and B: H x Xg — G are respectively
- and -integrable (in particular the new measure equivalence coupling is also
(p, )-integrable from G to H);

(P3) the map
al.,2): (RS, nx, (@), A6) = (RS, qx, (2),2), Anr)

1s measure preserving for almost every x € Xy, as well as the map

6('7 CL’) : (R)h(rngH (ZE), )‘H) - (B(R)I_(I'GmXH (I)v ZL’), )‘G)

for almost every x € Xg.

If Property is required only for the points x in the intersection X4 n Xp, this
lemma is relatively straightforward in the case of countable groups. Indeed, up to some
translation, the fundamental domains intersect non-trivially, and it is easy to verify that
a(s2): RS,y (1) = (RS, (2),2) and B(,2): RE. . (2) — B(RE ., (x),2)
are bijective if x lies in the intersection Xg n Xg. Since the Haar measures are the
counting measures in this case, we immediately get that these bijections are measure
preserving. In the non-discrete case, it is much harder and the techniques in [DLIT25,
Proposition A.1] will help us, it consists in using cross-sections to slightly modify the
fundamental domains so that Property in the lemma hold for every x in the
intersection Xg N Xp.

To get Property for almost every x € Xy for «, and x € X for £, and not
only for x in the intersection, we require the induced actions to be ergodic, ensuring
that almost every orbit in X (resp. in Xy ) visits the intersection X n Xp. To this
end, we follow the proof of [KKR21a, Proposition 2.17 (ii)].

13



Finally, we must verify that (y,)-integrability is preserved under the transforma-
tions we apply. First, for the transformations used in [KKR21a, Proposition 2.17 (ii)],
preservation follows from the ergodic decomposition theorem. Secondly, in [DLIT25,
Proposition A.1], the new fundamental domains are obtained by translating the previ-
ous ones by elements of a compact subset of G x H, ensuring a uniform bound on the
difference between the length norms of the new and original cocycles.

Proof of lemma[3.1. Let (2, X¢, X, 1) be a (¢, ¥)-integrable measure equivalence cou-
pling from G to H. As in the definition, we denote by i, iy the measured isomorphisms

iG: (G X XG7>‘G®VG> - (Qvlu)a

iH: (H XXH7AH®VH> - (Qvlu)a

where vg and vy are the finite measures on Xqg and Xg.

Step 1: assuming that p is ergodic. Let us first follow the proof of [KKR21a
Proposition 2.17 (ii)]. We have to be careful with the notations, since our notations
Xu, X, b, va, Vi, ia, ig refer to the notations X,Y,n, u,v,4,7 in [KKR21a]. By the
Ergodic Decomposition Theorem, there is a standard probability space (Z,() and a
familly ((vg).).cz of ergodic measures for the induced action G —~ X, such that

vir(A) = f (vir)(A) dC(2) (7)

for every measurable subset A < Xy. We then set p, = (ig)« g ® (vg).], this is
a measure on ). It is shown in the proof of [KKR21a, Proposition 2.17 (ii)] that the
measures /i, are o-finite and ergodic (with respect to the (G x H)-action on ) for
almost all z € Z, and give rise to measures (vg), on X such that

e for every 2 € Z, A\ @ (vg). = (ig")uftz;

e for almost every z € Z, (vg), is a finite measure and is ergodic for the induced
action H —~ Xg.

Given z in a conull subset of Z (a subset on which the above properties hold), we now
consider the measure equivalence coupling (2, u., X¢, Xp), with the finite measures
(vg). and (vy), on X and Xp. By (7)), we have

[ ctata.i v = [ ([ alata.ol) den).a)) acte)

so the cocycle « is p-integrable with respect to (vg), for almost every z € Z. We
can also find a desintegration for vg, similarly to (7)), and prove that the other cocycle
[ is 1-integrable with respect to (vg), for almost every z € Z. So the couplings
(Q, pz, X, Xpy) are (p,1))-integrable for almost all z € Z.

Step 2: Property for z in the intersection Xg n Xp. Let us fix 2 in a
conull subset of Z for which the desired properties hold. By [DLIT25| Proposition A.1],
we can choose new fundamental domains X¢, . and X7,  satisfying Property , and
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so that the new cocycles o/, and (. satisfy Property for every z € Xi, . n Xj .
Furthermore, these cocycles are - and w-integrable, since their norms are bounded
above by the norms of the previous cocycles with an additive term (see the proof
of [DLIT25, Proposition A.1]).

Step 3: ergodicity for the induced actions. For every z in a conull subset of
Z, we have built a measure equivalence coupling (€2, y1., X¢ ,, Xy ) where p, is ergodic
and the associated cocycles satisfy the following: for almost every y € X, , n X}, the
maps

alz('a y) : (R)G(’G,ZmX}LZ (y)7 )‘G) - (a;(R)G(’G’ZmX}I’Z (y)v y)? )‘H) <8>

and

Bi(y): (R,

G,z

oy (). ) — (BL(RY,

G,z

mX}_LZ (y>7y)> )‘G) (9)

are measure preserving, and the goal is now to extend it to y € Xy (for o) and to
y € X¢ (for ), using ergodicity. Coming back to Step 1 of this proof, or equivalently
to the proof of [KKR21al, Proposition 2.17 (ii)], we know that the ergodic measure i,
gives rise to ergodic finite measures (vy;). and (1), for the induced actions G — X7,
and H —~ X¢ .. To conclude, for almost every x € X7 _, the set Rgézm X%Z(x) is not

empty and we pick a point g,. Then for every g € RGé XY, (x), the cocyéle identity

¥

gives
a’(g,2) = (g9, ", 9o - 2)(gs, )

where g, - x lies in the intersection X¢ , n X3, so it follows from unimodularity and
from the fact that the map (with y = g, - x) is measure preserving, that

(., 2): (R)G(’G’sz}{’z(aj)’ Aa) = (@;(R)G(éyzmxh’z@),x)» Amr)

is measure preserving. The same holds for 5. This completes the proof. O

4 Behaviour of volume growth

In this section, we prove Theorem [A] that we now recall.

Theorem 4.1. Let G and H be non-discrete unimodular locally compact compactly
generated groups and p: R, — R, be a non-decreasing and subadditive map. If there
exists a (p, LO)-integrable measure equivalence coupling from G to H, then

Va(n) < Vi(p™(n).
We begin with a simple result, found for instance in [Ausl6, Proof of Lemma B.11].

Lemma 4.2. Let G —~ (X, v) be a pmp action of a locally compact group on a probability
space. Let'Y be a measurable subset of X, of positive measure. Then we have

Aa(R$(x) n Bg(lg,n)) _
JX Va(n) W = vy
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Proof. The proof follows directly from the invariance of the Haar measure:

j Aa(R$(x) A Bo(la,n)) du(x)

J JB@ (e Lieg-1y dAa(g) dv(z)
_JBG(IG,,L) f Loeg-1y dv(z) dAg(g)
B LG(IG,,L) v(g7'Y) dralg)

- )l
Ba(la:n)
=Ac(Bg(lg,n))v(Y)
=Va(n)v(Y),
which completes the result. 0

Proof of Theorem[{.1. Without loss of generality, we assume that the properties given
by Lemma hold. Let us also assume that vy (Xy) = 1. Let Y = Xg n Xy. Let
K, K' > 0 be positive constants such that

M(Y)+(1—%> <1-%>-1>0.

By [DKLMT22, Lemma 2.24] which also holds in our framework, there exists a constant
C' > 0 such that for every g € G,

L o(a(g, ) m)dv(z) < Clgle.

We set

X, = {a:eXH : LGW) Wd)\ (9) < CKVG(n)}

and for every x € Xpg,

G, ={g9¢€ Ba(la,n) | p(lalg, 2)|n) < CKK'|g|c}.
By Markov’s inequality on the probability space (X, vy), we have
1

Then Markov’s inequality on the probability space <BG(1g,n), Vg(cn)) gives for every
X € Xl,
1
Ag(G ) (1 - E) Vg<n) (11)
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To prove the theorem, we now derive bounds of [ = f Aa(Ry () n Gy)dvyg(z).
X
On the one hand, using the inclusion "

Ry (z) n Bg(1lg,n) < (Ry(z) n Gy) U (Ba(lg,n)\G.)

for every x € Xy, we have

1 = JX (Ag(Ry(l’) M Bg<lg,n)) + Ag(Gx) - Ag(Bg(lg,n))) dVH<J,’)

> LH Ae(Ry (x) ~ Balla,n))dva(z) + Ll Mo(Gldv(x) = | Vit
> Vi (n) <VH<Y) + (1 - %) (1 - Ki) _ 1),

where we also apply Lemma and Equations and .
On the other hand, using the definition of G, and Property of Lemma we
get

I< J‘ J ]la(g,x)eBH(lH,@*l(CKK’n)) dAG(g) dVH(x)
Xp JR§ ()

= J J ]lheBH(lH,grl(CKK'n)) d)\H(h) dVH(x)
Xu Ja(RY (z).x)
< Vu(p ' (CKK'n)).

Hence K"Vg(n) < Vy (¢ '(CKK'n)), completing the proof. O

5 Behaviour of isoperimetric profiles

The goal of this section is to prove Theorem [B] and [C] that we now recall.

Theorem 5.1. Let G and H be non-discrete unimodular locally compact compactly
generated groups and p = 1. If there exists an (LP,L°)-integrable measure equivalence
coupling from G to H, then

I (1) < Jpc(n).
Theorem 5.2. Let G and H be non-discrete unimodular locally compact compactly
generated groups and ¢: R, — R, be a non-decreasing map such that t — t/p(t) is

non-decreasing. If there exists a (@, L°)-integrable measure equivalence coupling from G
to H, then

@ o jru(n) < jra(n).
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5.1 Outlines of the proofs

As for Theorem [A] we assume without loss of generality that the properties given by
Lemma [3.1] hold.

To prove Theorems [5.1] and we fix a map f: H — R whose support has finite
measure. Given an integer v > 0, f will be viewed as a map almost realising j; 7 (v),

151l
V" flo
From this map f and the measure equivalence coupling, we deduce, via the identi-

fication 2 ~ Xy x H, a new map f: {2 — R defined by

F(heay = f(h)

for every h € H and x € Xg. Moreover, from the identification 2 ~ X x GG, we get for
every r € Xg a map f,: G — R defined by

folg) = flg =)

namely Ay (suppf) < v and is almost equal to ji g (v).

for every g € G.

Given = € X, there exists another formula for the definition of f,. Indeed, by
definition, given g € G, f.(g) is equal to f(h™!) for some h € H satisfying g=x € h+ Xpy.
There exists a unique h, € H such that h,*x € X, so h™! g2 is a point in Xy which
is also equal to h™'h ! = g h, » x, meaning that h='h ! = a(g, h, = x). To conclude, f,
is defined by

fe(g) = flal(g, he x x)hs) (12)
for every g € GG.

To sum up, a map f: H — R with support of finite measure gives rise to a random
map f,: G — R (random in z € Xs where X is endowed with the finite measure
va), given by formula ((12). Furthermore, f and the maps f, are also related by a map
f:Q — R coming from the measure equivalence coupling.

Step 1. By Proposition the mean value of A\g(suppf,) is bounded above by Ay (suppf)
with some multiplicative constant.

Step 2. Proposition is about the LP-norm of f,: its mean value is bounded below by
1 £l

Step 3. Propositions and finally deal with the mean of |V f.[P and give an
upper bound with V3" f|[P. These propositions are decomposed in three lemmas

which use the function f , while the statements in the previous steps only use the
formula (12). Lemma [5.5] states that the mean value of |V& f,|? is exactly

= || [ = e antw) axato)

and Lemmas [5.6| and ﬁ provides an upper bound of | Vi4¢ f P given by V3" f|b.

p

Theorems [5.1] and [5.2] then follow from a pigeonhole principle.
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5.2 Proof of the theorems

We follow the steps described in Section [5.1] to prove Theorems [5.1] and [5.2] In the
following propositions and lemmas, we assume that the properties given by Lemma
hold, and we fix a map f: H — R giving rise to a random map f,: G — R as described
above. Moreover G and H are always assumed to be non-discrete unimodular locally
compact compactly generated groups.

Proposition 5.3. With the same conventions and notations as in Section there
exists a positive constant K (independent of f) such that

JX Aa(suppfs) dvg(z) < KAy (suppf).

Proof. Let © € Xg. Given g € G such that f,(g) # 0, the relation between f and f,
(see the paragraph before the formula (12])) implies that there exists h € suppf such
that h=g+x € Xg,sox e g '« (suppf) !+ Xyg. We thus get

J Aa(suppfy) dvg(z J J]lf )=0 dAg(g) dvg(x)
Xa Xa
< J f ]lxeg—l*(suppf)—l*XH dAG(g) dl/G(x>
Xa JG

- L va(Xe n (97"« (suppf) ™"+ Xir)) dAc(g)

= p((suppf) ' * Xur)
= A ((suppf) ™) vu(Xn)
= Mg (suppf) vu(Xn),

where the last equality uses unimodularity. O

Proposition 5.4. With the same conventions and notations as in Section there
exists a positive constant K' (independent of f) such that for every p > 1,

| 11y dvota) = w111y
Xa

Proof. Let © € X and g € G. Then we have h = g = x € Xy with h = «a(g, hy * x)h,.
Let us denote Y = Xg n Xy and let us more particularly assume that h * g = x lies
in Y. On the one hand, the definition of the induced action H —~ (Xg,vg) implies
h+g+x = h-z. On the other hand, we get from the definition of the induced action
G —~ (Xg,vy) that h=g+x = g- (h, *x). We thus get g € R$(h, *x) < he RE(z),
in other words

{o(g he v 2)hy | g € RE(h, v 2)} = R (@),

Using the fact that the surjective map
al. by * 2)hy (RE(hy * 1), A\a) — (R (2), A\gr)
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is measure preserving (by the properties of Lemma , we thus get

JX Hfﬂv”g dVG(JJ) = JPX J; ’f(Oé(g, hy * $)hx)|p dAG(g) dVg(J})
>J; J;G(h )\f(oz(g, b+ 2)ha) P de(g) dva(z)

|f ()" dAm(h) dvg(z)

Il
[ S—

Xo JRE (x)

” ;mh)pnxeh-l.y dhs(h) dvg(z)

Il
[ S—

Xg J

; FR)Pre(h™ - Y) dig(h)

= va(Y) /15

and we are done. ]

[S—

We now use f: Q — R which relates f and the maps f, (for z € X¢) via the measure
equivalence coupling. Recall that the quantity |[V&'f|, is defined by

= || [ e = e antw) axats)

Lemma 5.5. With the same conventions and notations as in Section |5.1], we have for
every p = 1,

| 1w sp dvote) - 1om g

Xa
Proof. 1t is simply a change of variable (g,x) — g = x from (G x Xg, \¢ ® vg) to
(€2, ). O

Lemma 5.6. With the same conventions and notations as in Section |5. 1], we have for
every p = 1,

sl = [ [ Il S = 112 den(e) iAol
Sa JXg
Proof. The change of variable h = x — (h,x) from (Q, u) to (H x Xp, Ay @ vy) gives

|Vt fp — j L s ) = e 0)? dn @ ) B 2) dAc )

Given s € Sg and € Xp, we have s '+« z = a(s™',2)"! « (s7' - ). Now using the

definition of f from f, we obtain
s whea) = flha(s™2) « (s - 2)) = fla(s™,z)h™)

and

flh=z) = f(R7)
since x and s! -z lie in Xy. Unimodularity of H now implies that h +— h~! preserves
the Haar measure Ay and we are done. O
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Lemma 5.7. With the same conventions and notations as in Section we have for
any p =1 and any h in H,

MBS = fllp < [Pl lIVE" £l

Proof. By the definition of |h|g = n, we have that h™' = s;s5...s, where each s;
belongs to Sy U Si;' for i e {1, ,n}. Then it is clear that:

AR = fllp < ZII)\ siva)f = Ay si) fllp

= Z [A(si+1) f = fllp
nHV‘“tpr [l a ]|V £l

concluding the proof of the lemma. m

Proposition 5.8. Let us keep the same conventions and notations as in Section |5. 1.
Let p > 1. Assume that

LC LH o dvi(r) dAa(s)

1s finite, then we have
| Iva s aoto) < ViR,
Xa
Proof. By Lemmas [5.5 and [5.6], we have

| v s = [ [ Ix@G ) = £l dvata) dra(s)
Xa Sa JXu
Lemma [5.7] now implies
M a(s™ )™ f = fIIE < la(s™ )[Rl VER A
for every s € Sg and x € X, and the result follows. n

Proposition 5.9. Let us keep the same conventions and notations as in Section [5. 1]
Let ¢: R, — R, be a non-decreasing map such that t — t/p(t) is non-decreasing.
Assume that

:L L e(lals™, 2)|a| VP 1) dvr(z) dAc(s)

1s finite, then we have

2| £

Jo I et < €. s
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Proof. Using again Lemmas [5.5 and we have

VG fally dva(z)

Jx¢a

-
= . JX IMa(s™h o)™ f — flli dvg(x) dhg(s)

[ f Mals™ )™ ) f = flh
sq Jxy PUAMa(s™h2)= 1) f = flh)

Let (s,x) € Sg x Xpy. First, the monotonicity of ¢ — t/¢(t) and the inequality
IMa(s™ 2)™") f = fli < 2| f]x imply

Mals™h2) N = fln __2fl

(&

p(IMa(s™,2)7)f = flh) dvi(z) dAa(s).

(&

< . (13)
e(|A(a(s™2)= 1) f = fl) @] f]1)
Secondly, the monotonicity of ¢ and Lemma [5.7] give
p(Mals™2) ) f = flh) < elals™, 2)r|VE" flh). (14)
We finally deduce the result from Inequalities and . m

Proof of Theorem[5.1 We assume without loss of generality that the measure equiva-
lence coupling satisfies the properties provided by Lemma [3.1] Let v be a positive real
number, let f: H — R whose support has measure less than v and the associated maps
fz as explained in Section . Let K, K',C, be the constants introduced in Proposi-
tions[5.3} 5.4/ and [5.8] Note that C,, is finite since the cocycle is L” and by the comments
after Definition namely S can be replaced by S .

We claim that the set

A= { e X : [V < Gt DIVE'T }
: Tlp ==

el
K 1
has positive measure. Indeed, if it was not the case, then we would have

G+ 1) IVl
[ 1wty aow > CE VR [ p)p dugto)
Xa K ||f”p Xa

namely
L IV L2 dvg(z) > (C, + 1) V5 f2
G

by Proposition [5.4] and this would contradict Proposition [5.8
Given € > 0, Markov’s inequality and Proposition [5.3| imply

1
Ve ({x € X¢g : Ag(suppf,) = EK)\H(suppf)}> <e,
so assuming & < p(A), we find zy € A such that Ag(suppfs,) < LKAy (suppf) < Lv.
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This finally gives

it (Ev)> [£rol 2( K’ )”p 11,
PN T IVE Tl TG+ 1) VT

and taking the supremum over f, we get

. K K/ 1/p ]
-int -su
jp,G <?U) = (Cp + 1) ]p,fp}(,u)?

which completes the proof. O]

Proof of Theorem[5.4 We assume without loss of generality that the measure equiv-
alence coupling satisfies the properties provided by Lemma [3.1] Let v be a positive
real number, let f: H — R whose support has measure less than v and the associated
maps f, as explained in Section We assume that [|[VEP 1 = 1 (it is easy to see
that the definition of the isoperimetric profile can be restricted to such functions). Let
K,K',C, be the constants introduced in Propositions , and Since we have
|V flli = 1, the constant C, does not depend on f. Moreover, this constant is finite
by assumption and the comments after Definition (namely S can be replaced by
Sah).
We claim that the set

_ — C,+1) 2
A= oexevinh <92y

has positive measure. Indeed, if it was not the case, then we would have

int (O +1) 2
19 dote) = SR s |1 du),
namely
int 2HfH1
| 1w s o) = €, -0l

by Proposition [5.4] and this would contradict Proposition [5.9
Given ¢ > 0, Markov’s inequality and Proposition [5.3] imply

va ({33 € Xg : Ag(suppfy) = EKAH(SUPPJC)}> =

so assuming & < p(A), we find zy € A such that Ag(suppfs,) < LKAy (suppf) < £v.
This finally gives

ine (K | fao 1 K’
int Zo
Je\ =V ) 2 1o > p2lf
1 (50) > R > T el
and taking the supremum over the maps f satisfying |V f[1 = 1, we get

. K K’ K’

-int - > 25 > -sup

5 (50) 2 s @) > g e

which completes the proof. O
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6 Absence of quantitatively critical measure equiva-
lence couplings

Theorem |C|states that, if there exists a (yp, L°)-integrable measure equivalence coupling
from G to H, then most of the time we have the following bound on ¢:

(2 < jl,G oj;}]a (15>

and we would like to know if this upper bound can be reached. For discrete
amenable groups, the first-named author proved that such upper bound cannot be
achieved |Cor25| Theorem B|, and we want to generalize it to the more general setting
of locally compact compactly generated groups.

We need mild assumptions to get the inequality . First, we have to assume that
J1,m is injective, so as to consider its inverse. We know that the isoperimetric profile
is asymptotically equivalent to an injective map (see e.g. |[Cor25, Remark 1.2]) so, in
some sense, we may assume without loss of generality that the isoperimetric profile is
injective. Secondly, the inequality ¢ o j1 g < ji.¢ means that there exists a constant
C > 0 such that poj; y(t) = O (j1,¢(Ct)), which means that ¢(t) = O (jl,G(C’j;}I(t))).
To get rid of this constant and obtain the desired composition ji o j; &, we will assume
that the isoperimetric profile of GG satisfies

VO >0, j1c(Ct) =0 (jic(t)).

This condition already appeared in |[Ers03; (CD25|. There is no known example of a

compactly generated group whose isoperimetric does not satisfy this condition.
Extending the proof of [Cor25, Theorem B to the case of locally compact compactly

generated amenable groups, we want to show Theorem |D| that we recall here.

Theorem 6.1. Let G and H be non-discrete unimodular locally compact compactly gen-
erated groups. Assume that there exist a non-decreasing function fo and an increasing
function fy satisfying fa(n) ~ j1c(n), fu(n) ~ j1.g(n) and the following assumptions
ast — +o0o:

fa(t) = o(fu(t)), (16)
VO >0, fe(Ct) =0 (fa(t)), (17)
VC >0, foo fg'(Ct) =0 (foo fr'(t)). (18)

Then there is no (fa o f5', L°)-integrable measure equivalence coupling from G to H.

About Theorem [A] dealing with volume growth, we prove a similar statement, as
in [Cor25, Theorem D]. This is Theorem [E| that we recall here.

Theorem 6.2. Let G and H be non-discrete unimodular locally compact compactly
generated groups. Assume that there exist two increasing functions fg and fy satisfying
fa(n) ~Vg(n), fu(n) ~ Vg(n) and the following assumptions as t — +00:

fa' ) =o(fi'(1), (19)
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vC >0, f6'(Ct) =0 (f5' (1)), (20)
VC >0, fo'o fu(Ct)=0(f5" o fult)). (21)

Then there is no (f5' o fur, L°)-integrable measure equivalence coupling from G to H.
Theorems and are direct consequences of the following crucial proposition.

Proposition 6.3. Let G and H be locally compact compactly generated groups, let
G —~ (X,v) be a free p.m.p. action on a standard probability space. Let p: R, — R,
be a sublinear and non-decreasing function. If an H-valued cocycle a: G x X — H is
p-integrable, then there exists a map ¢: Ry — R, satisfying the following properties:

o p(t) > ¥(t);

e the maps ¥ and t — t/1(t) are non-decreasing;
e ) 1is subadditive;

e the cocycle o 1s Y-integrable.

We are now able to prove Theorems [6.1 and [6.2] using this proposition. The latter
will be proved after.

Proof of Theorem[6.1l For ¢ == fgof, ! let us assume by contradiction that there exists
a (¢, L%)-integrable measure equivalence coupling from G to H. Then Proposition
implies that this coupling is also (¢, L°)-integrable with a map v¢: R, — R, such that
¢ and t — t/1(t) are non-decreasing, and 1 ¥ fg o f;;'. But Theorem implies
Y ojig < jig, namely ¥ < fgo f;' (see the end of the proof of [Cor25, Theorem B]
for a justification), so we get a contradiction. m

Proof of Theorem [6.3. We proceed as in the last proof. Indeed, the map ¢: R, — R,
provided by Proposition [6.3] is also subadditive, an assumption of Theorem which
enables us to get a contradiction. O]

We now proceed to the proof of Proposition [6.3, To this end, we have the follow-
ing key lemma. In the case of finitely generated groups, this has been proved at the
beginning of the proof of [Cor25, Lemma 3.2|, which crucially uses finiteness of the
generating sets. Here we manage to improve the proof in the non-discrete case.

Lemma 6.4. Let G and H be locally compact compactly generated groups, and let
¢: Ry — R, be amap. Given a free p.m.p. action G —~ (X,v) on a standard probability
space, let a: G x X — H be a @-integrable H-valued cocycle. Then there exist a
measurable subset A of G and a sequence (K,)n,>1 of positive integers such that:

e \;(A) >0 and A contains a countable dense subset of G;

o K, — +o0;
n—+00
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o for every g € A, the series
> Kn o(n) v(le(g, ) =)
n=1

CONvVeErges.

Proof. Let D be a countable dense subset of G and let us enumerate its elements:
D = {g1,92,93,...}. Let Ay be a measurable subset of G such that 0 < A\g(Ag) < +0.
First note that we have

L elle(g. @) m)dv(z) = ) o(n) v(le(g, )u = n)

for every g € GG, and these quantities converge by p-integrability. We set

. . 1
N(g,j) =min{ N >1: > o(n) v(c(g, )|n =n) < —
n=N J
for every g € GG and every integer j = 1. Then we have

Ae({ge Ao | N(g,j) > N) — 0,

N—+0
so that there exists an increasing sequence (N;),>1 of positive integers such that

j——+0o0

o the series >, Ag({g € Ao | N(g,7) > N;) converges;

e for every j > 1, for every i € {1,...,j}, N(gi,j) < Nj.
First, given 7 > 1, we have

> (n) vllelg M = m) <

3
1’L>N]‘ ‘7

for every j > 1. Secondly, Borel-Cantelli lemma implies that for Ag-almost every g € Ay,
let us say for every g € A; with some A; ¢ Ag satisfying Ag(Ao\A1) = 0, we have

1

> w(n) vllelg, )u =n) < —

3

for sufficiently large integers j.
To conclude, we have proved that for every g € D u Ay, we have

: 1
Y dem) vlelg,)lm =n) < .
N;<n<Njy1—1 J

for every sufficiently large integer j. It now suffices to define A = D u A; and K,, =
for every n e {N;, N; +1,..., N;41 — 1} and we are done.

1.
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Proof of Proposition[6.3. Let (K,),>1 be the sequence provided by Lemma to-
gether with A < G of positive Haar measure as in its statement, and let us denote
by D a dense countable set contained in A. With the same method as in the proof
of |Cor25, Lemma 3.2|, we build a map ¢: Ry — R, from this sequence, which satisfies
the following properties:

e ¢ and t — t/1)(t) are non-decreasing;
e 1) is subbadditive;

o o(t) k U(t);

e for every g € A, |a(g,.)|y is finite.

Given a compact generating set Sg of G, it now remains to prove that sup s [|(g, )|y
is finite. We use the same techniques as in [BFS13, Appendix A.2 (before Lemma A.1)].
For every g € G, we abusively write

lgly = ladg, lw € R w {+o0}.

Note that the cocycle identity, the subadditivity of ¥ and the G-invariance of v imply

lg™ s = llglly and [gg'ly < lgly + 19l (22)

for every ¢, ¢’ € G. Denoting
E={geG|lglly <t}

for every t > 0, we have A\¢ (U,~q Et) = Aa(A) > 0, so there exists to > 0 such that
A¢(Ft,) > 0. This implies that El,’_o1 - Ey, is a neighbourhood of 15. But we also have
E{OI - By, = By - By, © Ey, using , so FEy, is a neighbourhood of 1. By density of
D and compactness of S, there exists a finite subset F' of D such that

Sq U gFEo,.

geF

Once again by , we obtain for every s € Sg:

Islly < 2to + max gy,

and 5o sup,g,. ||s]ly < +o0. This completes the proof. O
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